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What is Randomness? [1]

"L A - 10
e Which is more likely to happen?
HTTHTHHHTT HHHHHTTTTT  HTHTHTHTHT

o NS G 5 F 6o F?  0.246
o M7 (Z)M I a AT (Z)M Y F g g 0344

o FFXMMT XL G 0 £ X MIMTH(F)M L I 6 i

BiT105 7 £ R
0£1% % frenfssk 2 0.149
4% (5)1 3 % frepig s 9 0121
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What is Randomness? [2]

o nHR4F+10-x > 71 Z HHHHHHHHHH or TTTTTTTTTT 4% 5 ?

o do¥ DT EFA - ASHREFIF 10 0 £ F 50 A i)
HHHHHHHHHH or TTTTTTTTTT ?

o >1ix3 A g HHHHHHHHHH or TTTTTTTTTT 34 & ?

e P(some event will occur) >> P(a specific event will occur)

P(40 4 eh¥iial > § d L hd p 5k - %) >0.5

e JFMAMJJASOND MVEM]JSUNP
FERB  FT RT3 S B

_ =]

p A%
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What is Randomness? [3]

DRTT A - AR HRAF 10X

o IR AeiS o T mBE ¢t ?

BiT100 3 £ 1
o FrH K AguEL 2 F104 % renfsk 2 <0.0000004
o FTHIA XFELF 404 (F)UF TS F 2 <0.000004

B4 SES B B BB AL A 4 AR N

FHRETRELERN S > THEEDERTATHER
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PR 4 Ben § iE

o BEMLIBR NFL
= Uniform(0,1)§* #c% 5 T 32N R & (0,1) % F & A
=¥ g MRS F A A
o @A L EPu
BRI R R
S R
o AP EIES
s TR REAH O TERTRT Pk
o TELBATHET
= 2D 3D Bl& %
= Chi-square test
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10.2 R 422 2

R R HZ, 5 B (seed) » b T A4

Linear Congruential Generator Z;=(aZ_, +c) mod m

(%

4 GEEHRZ, 2, 2y o A T0E M1 o

Example:m=64,a0=21,c=1> f&+ % Z,=37
(@ Zy+ )=(21x37+1)=778 > 778=64x12+10 > Z,=10

82y, 2y, Zs, M 1AM Fed ¥ (0,1)F He -
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'TWP kA2 B 6

2,237 ! U, Z U; Z U; Z U; Z U;
10 :0.1563| 55 :0.8594| 56 :0.8750| 29 :0.4531| 54 :0.8438
19 10.2969| 4 10.0625| 25 :0.3906| 34 10.5313| 47 :0.7344
16 :0.2500| 21 :0.3281| 14 :0.2188| 11 (0.1719| 28 :0.4375
17 10.2656| 58 :10.9063| 39 :0.6094| 40 :0.6250| 13 $0.2031
38 :0.5938| 3 :0.0469| 52 :0.8125] 9 :0.1406| 18 :0.2813
31 :0.4844| 0 10.0000/ 5 !0.0781| 62 :0.9688| 59 0.9219
12 :0.1875| 1 :0.0156| 42 :0.6563| 23 :0.3594| 24 :0.3750
61 :0.9531| 22 :0.3438| 51 :0.7969| 36 :0.5625| 57 :0.8906
2 10.0313| 15 !0.2344| 48 10.7500| 53 :0.8281| 46 :0.7188
43 :0.6719| 60 (0.9375| 49 :0.7656| 26 :0.4063| 7 :0.1094
8 10.1250| 45 :0.7031| 6 :0.0938| 35 :0.5469| 20 $0.3125
41 :0.6406| 50 :0.7813| 63 :0.9844| 32 :0.5000| 37 :0.5781
30 10.4688| 27 10.4219| 44 10.6875| 33 !0.5156| 10 !0.1563
UL #5208 5 0.4806 » % B #c % 0.08383
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DE Y RIRETTOL S ThEA
a=21,c=1, m=64
10 v '.”000
1l KT. ﬂ ]' * h 0.8 .""-
O S
o LML LIV el LT
e YT W
LTI R I
0 1 4 7101316192225283134374043464952555861 6467 ..‘0 .. .
0.2 *5y o .
0"..
0.0 \ g - - -
0.0000 0.2000 0.4000 0.6000 0.8000 1.0000

Uy U)o = T G Bk i i
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R ol ol

FORTRAN:F3* #ic & # & 4% 3 RANDU

a =216+3 = 65,539
c=0
m=231=2,147,483,648

0.0

0.5

0.5
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Chi-square Test

o AANHFH n>500 #(0,1)FFEA LkBF FE - A
PEE AL RF ot fo 0=l ke

ks
e i ¥ Chi-Square+ > @& : Zk—12=;2(ﬁ_%)2

o B s MAFEEIDY A A(01)F T -
o Excel:"RAND & #c#r & 4 ehjtfic > T35a 3 > 45 10%R]
3# A i EChi-squaretest » F|pt 2 EZ < E i@ * o

o friro e AR L ikinExcel 2003 Excel 2007 5" RAND
ﬁ.ﬁi;'%’ﬁ”ﬁ ﬂ-L F‘:a .&g o
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% ) HARENA 325 #

a=7°=16,807 c=0 m=231-1=2,147,483,647

A3 - £ =MOD(16807*A2,2431-1) v
A B c D E F G H J K L e
1 Seed Uniform(0,1)
2 20031015 |
3 1653820173! 0.77012 0.7701  0.4074 10 ’ . i
4 | 874804490 0.4073626 0.4074  0.5430 09 o * . R
5 1166016068 0.5429685 0.5430  0.6723 .t . .
6 1443776001 0.6723106 0.6723  0.5241 0.8 T v re
7 | 1125521354 0.5241117 0.5241  0.7457 0.7 S Lad =
8 1601433902 0.7457258 0.7457  0.4131 06 Lot et hd
9 887043063 0.4130616 0.4131  0.3266 o5 b_* . 00 o 4
10 701282367  0.32656 0.3266  0.4948 ) .« oF
11 1062487433 0.4947593 0.4948  0.4190 04 5 %, S
12| 899761626 0.4189842 0.4190  0.8667 03 e st *e
13 | 1861289655 0.8667305 0.8667  0.1401 02 L 0T . *e
14| 300945736 0.1401388 0.1401 03125 o1 LA © o
15| 670996267  0.312457 0.3125  0.4646 o o .t
16 997629072 0.4645572 0.4646  0.8135 0.0 —* T
17 | 1746980975 0.8135014 0.8135  0.5182 00 02 04 06 08 10
18 | 1112825041 0.5181995 0.5182  0.3797
19| 815382364  0.379692 0.3797  0.4835
20 102R24N241 N ARARRL n ag3s N AS1S r
4 4 » M| Simple ING /ING Test| Arena Test «RANDU Distribution ~Warehouse [I] 4 | W | »
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The Current (2000) Arena RNG

e Combined multiple recursive generator
A = (1403580 4,, - 810728 A, ;) mod 4294967087
B,= (527612 B, , - 1370589 B, ) mod 4294944443

B mptlicle &AL
Z = (A, -B,) mod 4294967087
[z, /4294967088 ifZ >0
" 14294967087 /4294967088 ifZ =0

Seed = a six-vector of first three 4,’s, B,’s

NKFUST Simulation Chapter 10 —Random Number Generation & Variance Reduction Slide 12




10.3 %6 48 §* Hc il 3

U; ~Uniform(0,1) * #<
If U, <p, =1l
else, X=0
X=1,.., P(X=))=p;
IfUI->1-p, X=1 n ( ]) p]
else, X=0 0<U <p, =>X=1
P1<U;<p1tp; = X=2
P+ P, < U <p+-+p,=>X=n
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A2 5 BEI gkl

#-(0,1) fr o = st & gk dcr

FELEH0)A B SLIBRERF  EBERFERY

BT - o % o F > bl4e (0, 1/36) % i 282 »

(1/36, 3/36) ¥+ Jis B-4<3... (35/36, 1) ¥ s 2412 -

2 E2 A4S B(01)F kU, U, Bhlic2 frri*ui >
Lexu, l+1+ 6xU, +1
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Inverse Transform

0<FX)<1=U,=Fx)=>x=F(U)

F(X)
P(X=x)=1/6, x=1,...,6
1 L
CDF U=0.71
F(x)=P(X<x)=Lx /6, SR
05 [
}; 3 Q'{ B
F1(y)=L6xyJ+1, 0<y<1
0 i
1
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Inverse Transform

0<FXx)<1=U=Fx)=>x=FYU)

xX—a
F(x) = ,a<x<bh o
b—a L
xX—a
U=F(x)= = U=0.71 |
0.5

b—a)U=x—a

x=F'U)=a+bB—-a)U o
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Inverse Transform of Exponentials

U=Fx)=1-e

e™=1-U
~Ax =In(1 - U)
x=-(1/A) In(1 - U)
F(X)
1 r
0 1 1 1 1 1 1
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Normal Random Numbers

¥ Ak A i eCDF & % 4 = 5 8A55% 0 7 i * Inverse Transform

Marsaglia polar method @ L & # & i#(0,1)§" #U, and U,

Zy=4—2+In(Uy) - cos(2m - U,)
Zy =/=2+-In(U;) - sin(2m - U,)

Zyand Z, % 4p 3 Jp = c9N(0,1) 5 #c

=N;=0Z+u=> 5 N(u, 0%) it i

NKFUST Simulation Chapter 10 —Random Number Generation & Variance Reduction

Slide 18




Bivariate Normal Distribution

ZyandZ, i 4 3 > eN(0,1)§*

=N,y =0,Z, +py 5 Ny, 0,2) 0§ i
=N, =05(p Zy+ 1 — p? Z3) + piz 5 N(wy, 0,2)§* ¥

N, and N,=4p B 14 5 p
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" HACR S R 4
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BRE-Pod S Ha 5248 FRF80BBE
B I S A Pt R T G Rk
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]

SR o "

=
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OFE =0 T

East South West North
0.001838|*Q 0.007512|%4 0.013617|98 0.043829(46
0.061727|44 0.061862|43 0.066119(49 0.094545(99
0.109957|47 0.113664|¢A 0.117707|#7 0.123104|®5
0.185314|#A 0.188955|44 0.212930(49 0.218418(4A
0.257578(48 0.260303|%3 0.267132(4] 0.299329|#6
0.350752/%10 | 0.351629|¢K 0.361529(#10 |0.367027|%Q
0.396988|4 2 0.401306|42 0.415307(410 0.449539(43
0.453794(¢7 0.561662|49 0.561695|4] 0.574366(#K
0.597917|45 0.617205|%] 0.633966(45 0.692066(410
0.710781|#2 0.714471|48 0.754673[9A 0.761492(43
0.797287|9K 0.822887|4Q 0.824660(#4 0.825003|#5
0.829509(¢Q 0.840847|%6 0.859097(@7 0.861216(48
0.897504|%] 0.911977|46 0.912484(92 0.956318(¢K
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10.5 % R B3 AP

Fraci g p U~U(0,1) » 1-U~U(0,1)+ ¥ 3 & fLdic > ¥ it §
tpF R .

Antithetic Variates# 12 3 5 4p F g B8 79 =X HOR 0 4ok
1R PRI R 3 Y R iR
W Tiede kg EEREROEE -

AVig * 312 % =X replications:® iz B 5] & Sof snenfic R F S o

Common Random Numbersi% i §* e 38 % > (R fd 6 5
EAT 2R TR T ETHR ) TR ﬂ-\‘wﬁ‘fvtrﬁ"*";:‘iﬁﬁ
TEK P hsenL B o CRNGE ™ 1A B sz & o
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Comparing Means

PG A B L e i S &
System A: 22278 * 360, or [21918, 22638]
System B: 21763 + 284, or [21479, 22047]

FRERERAAI L RS AP ALY

A B
EEE1 9.8 9.7
tbE&2 9.9 9.85
EEE3 9.6 9.55
EEE4 9.65 9.6
tEE5 9.7 9.65
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Paired rtest

Bk x, By, EARRIRET 0 A BRESR R R E
B X BV LF - AR R T SRR E 0 AP
BARERT OEkEL L5 X, -y, = Z

Paired t-test System 1- System 2 = difference

Xy - Y1 =7
X, - Yo =2, Compute
confidence
: interval
Xy - Yn T2,

PRZisehT B e L P22V RERRF > 4o
*HEA /L:{O A A1 7@‘“&%’}%5&@’}3 %“%‘7}-& .
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Common Random Numbers (CRN)

o CRNZ G Hceile # 8% » A 85 5L * 2 24 #1(0,1)
P FRCR 0 E P SR BER R A g B o

U=
5]
H SystemA —— X &
£l f
= 5
= i
Z ¢
_ =
SystemB —— Y =
s, ==

NEEN IS i
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Comparison w/o Synchronization

System A (1) (3) (4)
0.69 0.92 0.35
Arrival time 1st 2n I' th
Process time 1st=1.73 2nd=2.88
(2) (5)
SystemB (1) (3) (5)
0.69 0.92 2.3
Arrivaltime 1s r 4th
Process time 15t=0.9 2nd=0.72
(2) (4)

U(0,1) Expo(1)

0.5 — 0.69
(3)0.6 — 0.92
(4)0.3 — 0.35

U(0,1) Expo(0.8)
(2)0.75 — 1.73
(5)0.9 — 2.88

U(0,1) Expo(1)
o5 — 0.69
(3)0.6 — 0.92
(509 —» 2.3

U(0,1) Unif(0.6,1.0)
(2)0.75 — 0.9
(4)0.3 — 0.72

NKFUST Simulation
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SRR H A}ﬁal’\?%{

B3k A L el i & ' Shanghaif 2 A B 4E o @Tf‘l.?f
L HE

|
Fob e 6 8% T 4% -
LAY E R T R S

Example 7-3: No CRN, 30 replications

2z L w0 (8%) rz L 18 (4%)
Product 1 Time 2.468+0.029 | 2.449+0.030
Product 2 Time 3.527+0.040 | 3.500+0.044

Order Ratio for A | 0.623+0.017 | 0.614+0.017
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CRN* 3 %

2

¥

BEEWS KRR F A R |l FERS S Seh
TEFAR MR

ST KR prBcGR T
— A3 H 3 iE expo(12,1)
B disc(0.2,1,0.4,2,0.6,3,0.8,4,1.0,5,2)
AT H gL pE tria(1,2,3,3)
regular process time tria(1,2,3,4)
tria(1,2,3,5)
unif(1.5,3.5,6)
tria(1,2,3,7)
Product 1% & 37 8 ch5)id expo(5,8)
Product 1% & 27 ¥ eh+ /] tria(1.2,2.0,2.6,9)
Product 2% &3+ ¥ vh3|:E expo(7,10)
Product 2% £ 37 5 e+ /) tria(2.4,2.8,3.6,11)
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% % CRN &3 22 (81

sral W (8%) | ik {4 (4%)
Product 1 Time 2.468+0.029 | 2.449+0.030
Product 2 Time 3.52740.040 | 3.500+0.044

Order Ratio for A | 0.623+£0.017 | 0.614%0.017

w/o CRN

Example 10-2 Example 10-3

Fg o (8%) | e 0 (4%)

Product 1 Time 2.459+0.038 | 2.425+0.028

w. CRN Product 2 Time | 3.525+0.045 | 3.487+0.040

Order Ratio for A | 0.638+0.020 | 0.632+0.015
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StatisticsH- 2.3k Fi

5

MR R

MName Type pressio Report Label Output File
1» product 1 time Output TAVG(product 1 TotalTime) product 1time  ptla.dat J
2 product 2 time Output TAVG(product 2 TotalTime) product 2 time  pt2a.dat
3 ratio A Qutput MC(Record A) / (NC(Record A) + NC(Record B)) :ratio A ratioa.dat
4 avg order 1time  {Output TAVG(Order 1 TotalTime) avg order 1 time
5 avg order 2 time  :Output TAVG(Order 2 TotalTime) avg order 2 time
6 avg order 3 time  :Output TAVG(Order 3.TotalTime) avg order 3 time
7 avg order 4 time  Output TAVG(Order 4 TotalTime) avg order 4 time
8 avg order 5 time  {Output TAVG(Order 5 TotalTime) avg order 5 time
PO S TS N . .
e il W e % ptla.dat, pt2a.dat, ratioa.dat
B SRS . .
o izil {&eni % ptlb.dat, pt2b.dat, ratiob.dat
A ]y e 4L 3oy oy = .
° @l DS % 0 i % Output Analyzerig {7 Paired t-test
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Paired-t testei 73k

e Analyze > Compare Means

e Add...

e Replications — Lumped

@ Qutput Analyzer - Outpi

File View Graph Analyze Window Help

DEHE|E @ |l b e |

N2

i Output1

Compare Means

Data Group Files

pt1a.dat, 30, Output, product 1 time:
pt1b.dat, 30, Output, product 1 time:
pt2a.dat, 30, Output, product 2 time

pt2b.dat, 30, Output, product 2 time:
u] A

Data Files

c

pt1a.dat, Lumped, pt1b.dat, Lum
Za.dat, Lum 2b.dat, L

Data Files
Data File A
Title: Replications:
Confidence Level 095 Data File B
D= ST
5‘_ Paired-t Test\, () Two-Samj Replications:

-
Scare_ljwsplay

ratioa. dat

Lumped

1atioh. dat

~ | Browse. | QK I

| I—
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2. A 2 - .
iz * CRN:iE {7 Paired-t test
Compare Means - ptla [E=EEER 5
Paired-t Comparison of Means Diff fin
95% CL est Value
0.0347
product 1 time 000483 ; 0.0648
0
0.0383
product 2 time ofposes s 0.0697
¢%.00_533
ratio A 00136 0242
S—
0
Paired-T Means Compariscn : -
IDENTIFIER ESTD. MEAN STANDARD 0.950 C.I. MINIMUM MAXIMUM NUMEER
DIFFERENCE DEVIATION HALF-WIDTH VALUE VALUE OF OBS
lproduct 1 time 0.0347 0.0805 0.0301 2.27 2.66 30
2.3 2.55 30
REJECT HO => MEANS ARE NOT EQUAL AT 0.05 LEVEL
iproduct 2 time 0.0383 0.0841 0.0314 3.3 3.71 30
3.27 3.7 30
REJECT HO => MEANS ARE NOT EQUAL AT 0.05 LEVEL
ratio A 0.00533 0.0506 0.0189 0.528 0.748 30
0.539 0.699 30
FAIL TO REJECT HO => MERNS RARE EQUAL AT 0.05 LEVEL
] »
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